Every mode of a single-mode or multimode helical fibre is always leaky but, for practical purposes, can be treated as being bound with an effective cut-off wavelength. The leakage loss for each mode is quantified, showing that, for fixed core offset and source wavelength, the cut-off pitch increases with increasing mode order. The value of the cut-off pitch for each mode is in agreement with experimental measurements.
Introduction
There has been significant interest in single-mode helical fibres, mainly because of their high circular birefringence property. This can be used, for example, as the basis for the measurement of electric current flow by measuring the rotation of the polarization of the fundamental mode caused by the Faraday effect. A large circular birefringence is necessary to eliminate any cross-coupling between the orthogonal polarizations of the fundamental mode due to non-uniformities in the practical fibre. It is akin to high-birefringence fibres which have a large linear birefringence for the same reason.
If the core of a single-mode fibre follows a helical path, then the polarization of the fundamental mode rotates along the path [1] . This phenomenon arises because the direction of the modal electric field in the core cross-section is unaffected by the rotation of the local plane of curvature (that is, the plane defined by the tangent and normal to the core axis of the helix) and therefore lags behind the twisting of the core material. The magnitude of the lag is precisely the mathematical torsion of the helix, for which a simple expression is well known [1] .
However, unlike a straight single-mode fibre, the fundamental mode of the helical fibre is not strictly bound, and is leaky at all wavelengths [2] . For practical purposes, however, the loss is effectively negligible if the helix is 'straight enough' and the mode can be considered to be bound. If the helix becomes sufficiently 'wiggly', then the loss increases very rapidly, as in a bend loss edge, and there is an effective cut-off that depends on the geometrical parameters of the helix.
An analytical expression for the fundamental-mode loss coefficient has been quoted elsewhere [2] , the details for which are presented for the first time in the Appendix.
The derivation is based on the thin-wire approximation in which the modal field over the core cross-section is superposed on to the core axis before evaluating the far-field radiation.
However, as is shown below, the thin-wire approximation is inaccurate for calculating the loss coefficient for higher-order modes on multimode helical fibres, and the field variation over the finite core cross-section must be accounted for correctly. One consequence of this requirement is the inability to generate an analytical expression for loss which spans the range of helical parameters. Nevertheless, by restricting attention to parameter values that result in pure bend loss, analytical expressions can be derived which are sufficient to explain the observed experimental results on the multimode fibre. This derivation complements an earlier, alternative derivation based on field matching between the helical core and the cladding [3] .
Helical fibres
A helical fibre consists of a core of radius p which follows the spiral path illustrated in Fig. 1 . The path of the core axis is at a constant radius Q, called the offset, from the z-axis of the helix and the pitch, or period, of the helix, P, is the distance along the z-axis in which the helix repeats itself. We assume a step profile with a core of index nco embedded in an unbounded cladding of index ncl.
In practical helical fibres Q is typically of the order of hundreds of micrometres and P is of the order of millimetres. The fibre can be either single-moded or multimoded, depending on the number of nominally bound modes which can propagate. Unlike the corresponding straight fibre, the number of modes does not depend solely on the V-value of the fibre, but is also a function of the pitch and offset. As is shown below, a nominally multimode helical fibre with V >> 1 can be single-moded, or even support no modes, provided the pitch is sufficiently small.
In one method for fabricating helical fibres, a standard single-or multimode preform is inserted into a predrilled hole in a solid silica rod which is offset from the axis of the rod [4] . During the drawing process the rod is spun about its axis to introduce the helicity into the fibre. By controlling the spinning rate, any desired pitch can be achieved, but the offset remains fixed.
Radiation loss
As has already been established, the fundamental mode of a dielectric helical waveguide is necessarily leaky [2] . The leakage is due to a combination of two physical processes: pure bending loss from the continuously curved path of the core, and interference between the fields of successive turns of the helix (analogous to the effect of a grating impressed on a straight fibre). The former dominates when the radiation caustic (that is, the apparent I ~ P =1 Figure 1 Path of the core of the helical fibre in an unbounded cladding.
origin of radiation) is relatively close to the core-cladding interface and only the local modal field contributes to bend loss, and the latter dominates when the radiation caustic is relatively far from the core-cladding interface and the modal field of the macroscopic helical structure accounts for loss. The magnitude of each effect depends on the pitch and offset of the helix. For practical fibres loss is negligible unless the bend radius in the plane of the helical path is sufficiently small or the pitch is sufficiently small to induce significant diffraction loss. Nevertheless, the onset of loss is extremely rapid, like a bending edge, in each case and can be regarded as an effective cut-off [2] .
Higher-order modes
Quantification of radiation loss due to bending loss for the higher-order helical modes follows the volume-current approach used for the fundamental mode [2] ; except that the finite core must be accounted for. The modal field over the core of the helix is assumed to be the field of the straight fibre following the helical path. Both the core and field are then approximated by a helical distribution of equivalent currents. The radiation is quantified from these currents using standard free-space antenna theory (Green's functions) to determine the far field of the helix [5] .
Local-mode approximation
The core and cladding refractive indices of the helical fibre in Fig. 1 are similar, enabling us to work within the weak-guidance approximation. Even so, it is not possible to solve the scalar wave equation analytically in any known helical co-ordinate system. Instead, we start with the local-mode approximation for the helix. Within this approximation, a mode propagates along the helical path of the core with the transverse field and propagation constant of the straight fibre.
Such an assumption will be accurate, provided the cladding field transverse to the helical core axis does not intersect the core again further along the helix. If the ratio of pitch to offset is sufficiently large, the helix is almost a straight fibre and there is clearly no intersection. However, if this ratio is sufficiently small, so that the helix resembles a 'solenoid', then there will be a large number of intersections. Thus, there is a critical value of this ratio below which intersection occurs. If we ignore the finite core size compared with the pitch and offset, then simple geometry requires that P ~> 4.173Q to avoid intersection. For the practical fibres discussed below, Q is of the order of hundreds of micrometres and P is of the order of millimetres, so that this condition is readily satisfied, even at the cut-off pitch of each mode.
The local-mode analysis for the fundamental mode of a helically wound straight fibre is given in the Appendix, where the uniform distribution of the core field is lumped on the fibre axis. The result obtained yields both helical and bending loss limits for different combinations of pitch and offset [2] . The non-zero thickness of the fibre can be included through an area factor, as described in [5] , but only for the helical bending loss regime of the fundamental and higher-order HElm modes.
Area factor
The determination of the loss coefficient for higher-order modes of the helical fibre, even based on bending loss alone, is more involved than for the fundamental mode because of the need to take into account the finite cross-section of the core. For the relatively low V-values of the single-mode fibre, the effect of retaining the finite core cross-section compared with superposing the modal field on the fibre axis is to increase the loss coefficient for the fundamental mode by a factor of about 2 (see section 23-8 of [5] ) whereas for a multimode fibre with V = 25 the corresponding factor is of the order of 10 6.
Some insight into the dramatic increase in loss from the same mode on the high-V fibre can be gleaned by examining the position of the radiation caustic relative to the corecladding interface.
Radiation caustic
It is intuitive that the magnitude of the radiation loss from a bent fibre depends on the separation of the radiation caustic (apparent origin of radiation) from the corecladding interface, with radiation increasing with decreasing separation. Furthermore, since the major contribution to radiation from a bent fibre comes from a small region close to the plane of the bend [5] , it is sufficient to calculate this separation in the plane of the bend.
The bend radius of the fibre axis in Fig. 2 is R b and fl is the fundamental-mode propagation constant along the core axis. Hence, the phase velocity of the modal field front along the fibre axis is ~/fi, where c~ is the angular frequency of the source and ~o = 2~c/2 in terms of the free-space wavelength 2 and speed of light c. Relative to the centre of the bend, C, the angular velocity of the field front is ~o/fiRb. On the radiation caustic the local phase velocity is equal to the speed of light in the cladding, co/knol. Hence, if the radius of the radiation caustic is Rrad, then
The separation of the radiation caustic from the core-cladding interface is R.. d -R b. If we define 5 to be the normalized separation relative to the core radius, then We express the propagation constant fl in terms of the cladding modal parameter W, and the core radius p in terms of the fibre.parameter V, where
and A is the relative index difference. Since nco ~ ncl for weakly guiding fibres,
Thus, if the single-and multimode fibres have the same relative index difference and bend radius, 5 depends only on the factor W2/V 3.
For a single-mode, step-profile fibre with V = 2.4, the eigenvalue equation gives W = 1.748 for the fundamental mode [5] , whence W2/V 3 = 0.22, whereas for the multimode fibre with V = 25, then W ~ 25 and W2/V 3 = 0.04. Hence, 6 is an order of magnitude smaller for the multimode fibre, and the radiation loss from the fundamental mode will be correspondingly larger because the radiation caustic is very much closer to the corecladding interface.
Polarization effects
It has been shown that the direction of the transverse electric field of the fundamental mode on a helical fibre rotates along the core at a rate equal and opposite to the mathematical torsion of the helix [1] . This result has been established experimentally using a large loop of fibre [1] and helical fibres of various pitches [6] . Physically, the polarization direction is unaffected by the helical twisting of the fibre, because of the circular symmetry of the cross-section. Consequently, the same conclusion must hold for all higher-order modes of the helix. The rotation length Lr for the modal field (that is, the distance along the helix in which the field rotates by 2~) is given by [6] SP Lr -S -P
where P is the pitch and S is the fibre length per pitch, given in terms of the offset Q by
Since P >> Q for the fibres considered in this paper,
For the parameters of the helical fibre considered in Fig. 3 , P ~> 5 mm and Q = 200/~m, equivalent to a minimum rotation length of 15 cm. Thus, the helix makes many turns in this length, so that the effect of polarization rotation on the far field, and hence loss, is minimal. Accordingly, the assumption of a fixed polarization direction is a reasonable approximation. We can further justify this assumption in the limit of pure bend loss, because such loss depends only on the local geometry and, to lowest order in the relative index difference between the core and the cladding, is independent of polarization.
Analysis of bend loss
To determine the area factor for higher-order modes, an analysis similar to that in section 23-7 of [5] will be followed. With reference to fig. 23-2(a) of [5] , the Z-component of the 
The equivalent current density then can be written as [5] .
Due to the sinusoidal variation of the field around the fibre axis, it is not possible to lump the field of the fibre on the axis, as was carried out for the fundamental mode, because the net equivalent current would be zero. However, one can include the effect of finite thickness of the fibre core through an area factor which, in the case of the fundamental mode, multiplies the result derived by lumping the field on the axis. For the sake of brevity, only the slight changes to the steps in [5] are presented.
In the radiation integral, the phase factors coupled with the azimuthal variation of the core field results in a factor of/~ (WR) instead of I o (WR) for the fundamental mode which has no azimuthal variation (see equations 23-20 and 37-65 of [5] ). Considering this, the area factor is written as
fo Fv(R)Iv(WR)R dR Io Fv(R)2R dR
x 2~ f~ ~ (11)
A = Io F~(R)R dR f: Fv(R) 2 cos 2 (vO)R dR d o
where Fv (r) is the radial part of the local mode in Equation 6 . This area factor then yields the power attenuation coefficient as
-p \RbJ evVZWB/2K~ ,(W)Kv+,(W) exp 3 (kno~) 3 -~ (12)
where ev = 2 if v = 0 and ev = 1 otherwise. This result is identical to Equation 28 of [7] for the bending loss of higher-order modes, provided it is further assumed that/3 ~ knd within the weak-guidance approximation.
Helical bend loss
The bending loss of the helical fibre is obtained directly from the result for a bent fibre, provided the bend radius R b is replaced by the radius of curvature in the plane of the tangent and normal to the core axis, namely Q/sin 2 0p [2, 3] , where 0p is the pitch angle, and 0p ~ sin 0p ~ tan 0 v ~ 2~Q/P
for the small values found in practical fibres. Thus 
Effective cut-off
An effective cut-off for modes of a bent fibre has been previously proposed [8] . It requires the radiation caustic in the plane of curvature to coincide with the core-cladding interface. This is equivalent to setting 5 = 1 in Equation 5 . On rearranging and setting V ,,~ kpnc~(2A) m,
For the helical modes we substitute for RB from Equation 14, and on rearranging obtain the pitch length below which the mode is effectively cut off by bend loss:
A similar expression for cut-off has been derived using ray arguments [9] Accordingly, one would expect this expression to be accurate for large values of V. In this limit both Equations 16 and 17 are independent of U, Vand W, since W ~ Vand U ~ V for the step profile. However, they still differ by a factor of (Q/2p) ~/2. The reason for this difference is that the two expressions are mutually exclusive. Equation 16 is a localized expression, based solely on bend loss, whereas Equation 17 is a global expression based on the whole helical structure. In the absence of an expression' analogous to Equation 12 for helical loss for higher-order modes, it is not possible to make a meaningful comparison using Equation 17.
Results
The radiation loss was Calculated as a function of pitch length using the above technique for the helical multimode step-profile fibre used in the Southampton experiment [9] , with parameters V = 25, relative index difference 0.94%, core radius p = 12.5/tm and a fixed offset Q = 200/tin. This fibre was illuminated using a laser source, which means that, essentially, only the symmetric HElm modes of the helix were excited. For V = 25, only the first eight HElm modes of the corresponding straight fibre are bound. The loss of each HElm mode is plotted in dB m ~ as a function of pitch in millimetres in Fig. 3 for m = 1, 2, . . ., 8 . We note that the loss curves are approximately straight, except for the highest-order mode, and the separation between adjacent curves increases with order. In other words, the effective Cut-off pitch is much sharper for the lower-order modes.
It is interesting to evaluate the effective cut-off pitch for each mode as predicted by Equation 16. For the parameter values given above, we find that P ranges from 3.25 mm for the HE11 mode up to 8.62mm for the HEIs mode. Thus, all of the eight P-values are underestimates for Fig. 3 , especially for the lower-order modes.
Comparison with experiment
A multimode helical fibre with a nominally step-profile and parameter values given in Section 5 was fabricated at Southampton University, England. During the drawing of the preform, the rotational speed was slowly reduced to increase the pitch length.
When this fibre was illuminated with a laser source at a wavelength of 630 nm from the end with the largest pitch, discrete bands of radiated light were observed along the length of the fibre and were attributed to the cut-offs discussed above. It was not possible to measure the position of each band with high accuracy. The parameters for the Southampton multimode helical fibre are such that radiation loss is dominated by bending loss.
The spacing between successive bands was found to be comparable with the theoretical predictions. Even though it was difficult to identify the modes corresponding to different bands, the experimental results are in keeping with the loss edges. Note the closeness of these values for the first two HE modes, reflecting the experimental accuracy necessary to realize single-mode operation. For a sufficiently short pitch, below about 2 mm, even the fundamental mode is effectively cut off.
Appendix: Fundamental-mode loss on a helical fibre
The calculation of the radiation from the set of HElm modes of the multimode helix is tractable within the volume-current method, provided the distribution of equivalent currents across the core is superposed on the fibre axis. However, as was shown in Section 4.2, the final expression becomes increasingly inaccurate with increasing mode order m and is, therefore, most accurate for the fundamental mode. In this Appendix we show how the final loss expression is derived, including approximations made en route.
A1. Equivalent helical current
We assume that the field of the HE1,, mode following the helical path of the core is a local mode; that is, it has the scalar field and propagation constant of the corresponding mode of the straight fibre. Assuming the field is plane polarized parallel to the x-axis in Fig. A1 , then the core field is given by
Ex -Jo (UR) ei~S
(A 1)
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where S is the distance along the helical core axis, and other quantities have been defined in the text. Within the volume-current method, the field and core are replaced by an equivalent distribution of currents Jx occupying the core volume in a uniform medium of refractive index no1, where [5] ( a0 ~1/2 k(nZl _ n2o)Ex
The next step is to replace this distribution by a superposition on the core axis, that is by an integration over the core cross-section. Thus
Jo(U---~ r d o dr -U Jo(U)
As has been shown for pure bending loss in single-mode fibres [5] , the superposition approximation leads to an error in the power attentuation coefficient of order 1, which can be neglected compared with the exponential dependence on the bend radius. Without this approximation the analysis becomes intractable.
We now refer the spatial dependence in Equation A3a to the distance z' along the axis of the helical structure in Fig. A1 , which is related to the distance along the core
Co-ordinates for evaluating radiation from a helical fibre using the thin-wire approximation. 
A2. Radiated power
The power radiated from the helix is calculated from the vector potential in the far field.
In terms of the notation in Chapter 21 of [5] , this vector has only an x-component, whence [3 kdz'cosO~, ]dz'
The trigonometric dependence on z' in the exponent is expanded as a series using the relationship [5] 
which is the result for a straight fibre displaced radially a distance Q from the z'-axis. Given Mx, the total radiated power, Praa, follows from [5] as Thus, Mm comprises mma x --mmi n + 1 spikes, and, therefore, M 2 has the same distribution of peaks and is approximated well by
which is independent of ~b. Hence the ~b-integration in Equation A 13a is readily performed, and the total radiated power reduces to where 0 m is defined in Equation A14 . Hence, the total radiated power consists of a summation of powers associated with peaks, or lobes, in the far field. A similar result has been derived using radiation modes and is plotted, for example, in fig. 9 of [10] .
A3. Power attenuation coefficient
The radiated power attenuates each HElm mode. If we introduce a power attenuation coefficient y, then the power P(z) at a distance z along the axis of the helical waveguide is related to the initial power by
and the power attenuation coefficient is given by 1 Prad
? -(A19) 2L P(0)
The initial power, P(0), is given in [5] , so on substituting from Equation A17 we finally obtain 
rh 2re
The argument of the Airy function is large and negative, whence it can be approximated by the asymptotic form [11] 11 ( 
A5. Asymptotic form
By analogy with the derivation of 5 in Equation 5 , it is straightforward to show that g is the ratio of offset Q to the distance from the core-cladding interface to the radiation caustic,
